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Motivation (1)

Topic : Finite dimensional representations of affine quantum groups

Question 1
Dimensions/q-characters of simple modules ?

– ∃ Classification of simple modules [Chari-Pressley 1990’s]
“Highest weight theory”

– However, there are NO known closed formulae of their
dimensions and q-characters in general. (e.g. ̸ ∃ analogue of
Weyl-Kac character formulae...)

Question 2
Description of Grothendieck rings and their “deformations” ?

– Some (deformed) Grothendieck rings are known to be described
nicely as (quantum) cluster algebras...
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Motivation (2)

Question 1
Dimensions/q-characters of simple modules ?

– ADE case ∃ algorithm to compute them ! [Nakajima ’04]
“Kazhdan-Lusztig algorithm”

The tool is t-deformed q-character, and the geometric
construction (via graded quiver varieties) of simple modules
guarantees this algorithm.

– Arbitrary (untwisted) case [Hernandez ’04]
∃ t-deformed q-characters, defined algebraically
(̸ ∃ geometry for non-symmetric cases)
Kazhdan-Lusztig algorithm gives conjectural q-characters of
simple modules

However, they are still candidates in non-symmetric cases.
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Motivation (3)

Question 2
Description of Grothendieck rings and their “deformations” ?

Hernandez-Leclerc’s following result is a prototype of our work :
Assume that X = ADE. Let
– Kt(CQ,X

(1)
n
) the t-deformed Grothendieck ring (=quantum

Grothendieck ring) associated to an abelian monoidal category

CQ,X
(1)
n

for type X
(1)
n

– Av[N
Xn
− ] the quantized coordinate algebra of the unipotent

group of type Xn

Theorem (Hernandez-Leclerc ’15)

Kt(CQ,X
(1)
n
) ≃ Av[N

Xn
− ],

{
(q, t)-characters of
simple modules

}
↔ dual canonical basis.

If X = ADE, then Kt(CQ,X
(1)
n
)
[HL]
≃ Av[N

Xn
− ],

{
(q, t)-characters of
simple modules

}
↔ dual canonical basis.

Why is it a “nice” description ?
Av[N

Xn
− ] can be described by generators and relations (after an

appropriate extension of coefficients).
Av[N

Xn
− ] is known to be a “quantum cluster algebra”

[Geiß-Leclerc-Schröer], and their quantum cluster monomials are
known to be contained in the dual canonical basis
[Kang-Kashiwara-Kim-Oh, Qin].

∃ an analogue of this isomorphism in the non-symmetric case ?
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Overview of Main results

In this talk, we consider the case of type B
(1)
n . Let C

Q,B
(1)
n

be the

monoidal subcategory CQ,X
(1)
n

for type B
(1)
n .

Theorem (Hernandez-O.)

Kt(CQ,B
(1)
n
) ≃ Av[N

A2n−1

− ]
[HL]
≃ Kt(CQ,A

(1)
2n−1

)

⊂ ⊂ ⊂{
(q, t)-characters of
simple modules

}
↔ dual canonical basis

[HL]←−→
{

(q, t)-characters of
simple modules

}

Remark
There are no known direct algebraic relations between the quantum
affine algebras of type B

(1)
n and A

(1)
2n−1 themselves.

Theorem (Hernandez-O.)

The (q, t)-characters of simple modules in C
Q,B

(1)
n

specialize to the

corresponding q-characters.

⇝ The Kazhdan-Lusztig algorithm gives “correct” answers in C
Q,B

(1)
n
!
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Quantum affine algebras

Let

g a finite dimensional simple Lie algebra / C
Lg := g⊗C C[t±1] its loop algebra [X ⊗ tm, Y ⊗ tm] = [X,Y ]⊗ tm+m′

Uq(Lg) the Drinfeld-Jimbo quantum loop algebra / C with a
parameter q ∈ C× not a root of unity
generators : {k±1

i , x±
i,r, hi,s | i ∈ I, r ∈ Z, s ∈ Z \ {0}}

Uq(Lg) has a Hopf algebra structure.

Let C
X

(1)
n

be the category of finite-dimensional Uq(Lg)-modules of
type 1 (i.e. the eigenvalues of the actions of {ki | i ∈ I} are of the form qm, m ∈ Z).

C
X

(1)
n

is a non-semisimple abelian ⊗-category.
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q-characters (1)

Let V ∈ C
X

(1)
n
. Frenkel-Reshetikhin showed that

{Generalized simultaneous eigenvalues of all k±1
i , hi,s ↷ V } ↪→

{Laurent monomials m in Yi,a’s (i ∈ I, a ∈ C×) }
⇝ V =

⊕
m Vm, called the ℓ-weight space decomposition.

Yi,a is an “affine analogue” of eϖi , ϖi fundamental weight.

Define the q-character of V as

χq(V ) :=
∑

m
dim(Vm)m.

Then

χq : K(C
X

(1)
n
)
alg.
↪→ Z[Y ±1

i,a | i ∈ I, a ∈ C×] =: YC× ,

here K(C
X

(1)
n
) be the Grothendieck ring of C

X
(1)
n

[Frenkel-Reshetikhin].

K(C
X

(1)
n
) is commutative. (However sometimes V ⊗W ̸≃ W ⊗ V .)
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q-characters (2)

Set BC× :=
{∏

i∈I,a∈C× Y
mi,a

i,a | mi,a ≥ 0
}
⊂ YC× dominant monomials.

Classification of simple modules [Chari-Pressley]

There is a one-to-one correspondence :{
simple modules in C

X
(1)
n

}
/ ∼ ↔ BC×

∈ ∈

[L(m)] ↔ m

∃ an “affine analogue” Ai,a ∈ YC× of eαi , αi simple root.

Type A
(1)
n

Ai,a = Yi,aq−1Yi,aqY
−1
i−1,aY

−1
i+1,a (↭ eαi = e2ϖi−ϖi−1−ϖi+1)

Define the partial ordering on the set of Laurent monomials in YC×

as
m ≥ m′ ⇔ m−1m′ is a product of A−1

i,a ’s.

Theorem (Frenkel-Mukhin)

χq(L(m)) = m+ (sum of terms lower than m), ∀m ∈ BC× .
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q-characters (3)

C•,X(1)
n

:=the full subcategory of C
X

(1)
n

such that

object : V with χq(V ) ∈ Z[Y ±1
i,qr | i ∈ I, r ∈ Z] =: Y .

C
X

(1)
n

=
⊗

a∈C×/qZ

(
C•,X(1)

n

)
a

(
(
C•,X(1)

n

)
a
is almost a copy of C•,X(1)

n
).

From now on, we always work in C•,X(1)
n
, and write

Yi,r := Yi,qr Ai,r := Ai,qr B := BC× ∩ Y .

Example

g = sl2, I = {1}, χq(L(Y1,r)) = Y1,r + Y −1
1,r+2 = Y1,r(1 +A−1

1,r+1).

g = so5, I = {1, 2},
χq(L(Y1,r)) = Y1,r + Y2,r+1Y2,r+3Y

−1
1,r+4 + Y2,r+1Y

−1
2,r+5 + Y1,r+2Y

−1
2,r+3Y

−1
2,r+5 + Y −1

1,r+6.

For m =
∏

i∈I,r∈Z Y
ui,r

i,r ∈ B, a standard module is defined as

M(m) :=
−→⊗
r∈Z

(⊗
i∈I

L(Yi,r)
⊗ui,r

)
.

{[L(m)] | m ∈ B} and {[M(m)] | m ∈ B} are Z-bases of K(C•,X(1)
n
),

and the latter is relatively easy. Want : the transition matrices.
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Quantum Grothendieck rings (1)

We follow Hernandez’s algebraic construction of quantum
Grothendieck rings here.

Remark
∃ other (geometric) constructions given by Varagnolo-Vasserot and
Nakajima for ADE cases, and all constructions produce equivalent
rings in these cases.

First, we prepare a deformation Yt of the ambient Laurent polynomial
ring Y .
⇝ Yt is a Z[t±1/2]-algebra such that

generators : Ỹi,r (i ∈ I, r ∈ Z) and their inverses Ỹ −1
i,r

relations : Ỹi,r’s mutually t-commute.

e.g. B
(1)
2 -case : Ỹ1,r+2Ỹ1,r = tỸ1,rỸ1,r+2, Ỹ1,r+5Ỹ2,r = t−1Ỹ2,rỸ1,r+5,...
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Quantum Grothendieck rings (2)

There exists a Z-algebra homomorphism evt=1 : Yt → Y given by

t1/2 7→ 1 Ỹi,r 7→ Yi,r.

This map is called the specialization at t = 1.
There exists a Z-algebra anti-involution (·) on Yt given by

t1/2 7→ t−1/2 Ỹi,r 7→ t−1Ỹi,r.

This map is called the bar-involution.

∀ m ∈ Y monomial ⇝ ∃! m ∈ Yt monomial (with coefficient in tZ/2)

such that m = m. (e.g. Yi,r = t−1/2Ỹi,r.) Set Ãi,r := Ai,r.
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Quantum Grothendieck rings (3)

For i ∈ I, set

Ki,t := ⟨Ỹi,r(1 + tÃ−1
i,r+ri

), Ỹ ±1
j,r | j ∈ I \ {i}, r ∈ Z⟩Z[t±1/2]−alg. ⊂ Yt.

Define the quantum Grothendieck ring of C•,X(1)
n

as

Kt(C•,X(1)
n
) :=

∩
i∈I

Ki,t.

Note that Kt(C•,X(1)
n
) = Kt(C•,X(1)

n
).

Remark
Indeed, Ki,t = the kernel of a t-analogue of “the screening operator
associated to i ∈ I” [Hernandez].

Theorem (Nakajima, Hernandez)

evt=1(Kt(C•,X(1)
n
)) = χq(K(C•,X(1)

n
)).
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(q, t)-characters (1)

∃ a Z[t±1/2]-basis {Mt(m) | m ∈ B} of Kt(C•,X(1)
n
) such that

evt=1(Mt(m)) = χq(M(m)) [Nakajima, Hernandez].
⇝ Mt(m) is called the (q, t)-character of M(m).

All Mt(m) can be explicitly calculated once we know Mt(Yi,0), i ∈ I.

Theorem (Nakajima (ADE cases), Hernandez (arbitrary))

∃!{Lt(m) | m ∈ B} a Z[t±1/2]-basis of Kt(C•,X(1)
n
) such that

(S1) Lt(m) = Lt(m), and

(S2) Mt(m) = Lt(m) +
∑

m′<m Pm,m′(t)Lt(m
′) with

Pm,m′(t) ∈ t−1Z[t−1].

The element Lt(m) is called the (q, t)-character of L(m).
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(q, t)-characters (2)

(S1) Lt(m) = Lt(m) (S2) Mt(m) = Lt(m) +
∑

m′<m Pm,m′(t)Lt(m
′), Pm,m′(t) ∈ t−1Z[t−1]

Remark
The characterization properties (S1) and (S2) provide an inductive
algorithm for computing Pm,m′(t)’s, called Kazhdan-Lusztig
algorithm.

When g is of ADE type,

evt=1(Lt(m)) = χq(L(m)) [Nakajima].

Its proof is based on his geometric construction using graded quiver
varieties, and it is valid only in ADE case. Moreover, in this case,

Pm,m′(t) ∈ t−1Z≥0[t
−1] (positivity).

Conjecture [Hernandez]

For arbitrary cases, we also have
(1) ∀m ∈ B, evt=1(Lt(m)) = χq(L(m)). (2) Pm,m′(t) ∈ t−1Z≥0[t

−1].

If Conjecture (1) holds (in particular, in ADE cases), we have

[M(m)] = [L(m)] +
∑

m′<m
Pm,m′(1)[L(m′)] in K(C•,X(1)

n
).
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Quantized coordinate algebra of type AN

Let U−
v be the negative half of the QEA of type AN over Q(v1/2).(

:= the Q(v1/2)-algebra with generators {fi}i=1,...,N , relations

{
f 2
i fj − (v + v−1)fifjfi + fjf

2
i = 0 if |i− j| = 1

fifj − fjfi = 0 if |i− j| > 1.

)
⇝ Av[N

AN
− ] ⊂

Z[v±1/2]-subalg
U−
v the quantized coordinate algebra.

Property

Q(v±1/2)⊗Z[v±1/2] Av[N
AN
− ] ≃ U−

v C⊗Z[v±1/2] Av[N
AN
− ] ≃ C[NAN

− ].

Here NAN
− := {(N + 1)× (N + 1) unipotent lower triangular matrices}.

∃evv=1 : Av[N
AN
− ]→ C[NAN

− ] a Z-algebra homomorphism,
called the specialization at v = 1.

∃ an Z-algebra anti-involution σ′ on Av[N
AN
− ], called the

(twisted) dual bar involution (e.g. v1/2 7→ v−1/2).(
:= the restriction of the Z-algebra anti-involution on U−

v given by v1/2 7→ v−1/2, fi 7→ −fi.
)
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Dual canonical bases

Let i = (i1, i2, . . . , iℓ) be a reduced word of the longest element w0

of the Weyl group WAN ≃ SN+1.
(e.g. if N = 2, then i = (1, 2, 1) or (2, 1, 2). )

Let ∆+ be the set of
positive roots of type AN .
⇝ ∃{F̃ up(c, i) | c ∈ Z∆+

≥0 } a Z[v±1/2]-basis of Av[N
AN
− ] depending

on i, which is an analogue of the (dual) PBW-basis associated to i
[Lusztig]. By using this, we can characterize the (normalized) dual

canonical basis B̃up in the sense of Lusztig and Kashiwara.

Theorem (Lusztig, Kimura)

∃!B̃up := {G̃up(c, i) | c ∈ Z∆+

≥0 } a Z[v±1/2]-basis of Av[N
AN
− ]

such that

(B1) σ′(G̃up(c, i)) = G̃up(c, i), and

(B2) F̃ up(c, i) = G̃up(c, i) +
∑

c′ pc,c′(v)G̃
up(c′, i) with

pc,c′(v) ∈ vZ[v].

B̃up does not depend on the choice of i.
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Positivities

(B1) σ′(G̃up(c, i)) = G̃up(c, i) (B2) F̃ up(c, i) = G̃up(c, i) +
∑

c′ pc,c′(v)G̃
up(c′, i), pc,c′(v) ∈ vZ[v]

Theorem (Lusztig (i “adapted”), Kato, (O.) (arbitrary)))

pc,c′(v) ∈ Z≥0[v].

Theorem (Lusztig)

For c1, c2 ∈ Z∆+

≥0 , write

G̃up(c1, i)G̃up(c2, i) =
∑
c

ccc1,c2(v)G̃
up(c, i).

Then ccc1,c2(v) ∈ Z≥0[v
±1/2].

Hironori OYA (大矢 浩徳) (SIT) Quantum Grothendieck ring isomorphisms CART 2018 17 / 27



Hernandez-Leclerc isomorphisms in type A
(1)
N (1)

Assume that Uq(Lg) is of type A
(1)
N (I = {1, . . . , N}).

Define JQ,A
(1)
N

by

JQ,A
(1)
N

:= {(ı,−ı+ 1− 2k) ∈ I ×Z | k = 0, 1, . . . , N − ı and ı ∈ I}.

N = 4

4

3

I
2

1

0 −1 −2 −3

Z

−4 −5 −6

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆

N = 5

5

4

3I

2

1

0 −1 −2 −3 −4

Z

−5 −6 −7 −8

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆

⋆

⋆

⋆

⋆

⋆
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Hernandez-Leclerc isomorphisms in type A
(1)
N (1)

Assume that Uq(Lg) is of type A
(1)
N (I = {1, . . . , N}).

Define JQ,A
(1)
N

by

JQ,A
(1)
N

:= {(ı,−ı+ 1− 2k) ∈ I ×Z | k = 0, 1, . . . , N − ı and ı ∈ I}.

Set

BQ,A
(1)
N

:=

{∏
(ı,r)

Y uı,r
ı,r ∈ B

∣∣∣∣ uı,r ̸= 0 only if (ı, r) ∈ JQ,A
(1)
N

}
,

CQ,A
(1)
N

:=the full subcategory of C•,A(1)
N

such that

object : V with [V ] ∈
∑

m∈BQ,A(1)
N

Z[L(m)].

Lemma (Hernandez-Leclerc)

CQ,A
(1)
N

is an abelian ⊗-subcategory.

Hironori OYA (大矢 浩徳) (SIT) Quantum Grothendieck ring isomorphisms CART 2018 18 / 27



Hernandez-Leclerc isomorphisms in type A
(1)
N (2)

Set

Kt(CQ,A
(1)
N
) :=

∑
m∈BQ,A(1)

N

Z[t±1/2]Mt(m) =
∑

m∈BQ,A(1)
N

Z[t±1/2]Lt(m).

Lemma

Kt(CQ,A
(1)
N
) is a Z[t±1/2]-subalgebra of Kt(C•,A(1)

n
).

⇝ Kt(CQ,A
(1)
N
) is called the quantum Grothendieck ring of CQ,A

(1)
N
.

JQ,A
(1)
N

= {(ıs, rs) | s = 1, . . . , ℓ(= N(N +1)/2)} with r1 ≥ · · · ≥ rℓ.

⇝ iQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WAN .

Theorem (Hernandez-Leclerc)

There exists a Z-algebra isomorphism

ΦA : Av[N
AN
− ]

∼→ Kt(CQ,A
(1)
N
)

given by

v±1/2 7→ t∓1/2 F̃ up(c, iQ) 7→Mt(m(c)) ∀c = (cβ)β∈∆+ ∈ Z∆+

≥0 ,

here m(c) =
∏ℓ

k=1 Y
csı1 ···sık−1

αık
ık,rk . Moreover,

ΦA(G̃up(c, iQ)) = Lt(m(c)). ∀c ∈ Z∆+

≥0 .
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Hernandez-Leclerc isomorphisms in type A
(1)
N (2)
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N
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N
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⇝ iQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WAN .

Remark
The reduced word iQ is not uniquely determined, but its
“commutation class” is well-defined. This iQ is “adapted to
equioriented AN -quiver Q”.
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N
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(1)
N (2)
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⇝ iQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WAN .
In the following example, iQ = (1, 2, 1, 3, 2, 4, 1, 3, 2, 1) etc.

N = 4
4

3

I
2

1

0 −1 −2 −3

Z

−4 −5 −6

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆
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(1)
N (2)
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N

Z[t±1/2]Lt(m).
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(1)
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= {(ıs, rs) | s = 1, . . . , ℓ(= N(N +1)/2)} with r1 ≥ · · · ≥ rℓ.
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ık,rk . Moreover,
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Our isomorphisms (1)

Assume that Uq(Lg) is of type B
(1)
n (I = {1, . . . , n}).

Let Ĩ := {1, . . . , 2n− 1}. Define J̃
Q,B

(1)
n

by

J̃
Q,B

(1)
n

:={(ı,−ı+ 2− 2k) | k = 0, . . . , 2n− 1− ı and ı = n+ 1, . . . , 2n− 1}

∪ {(n,−n+
3

2
− k) | k = 0, . . . , 2n− 2}

∪ {(ı,−ı+ 1− 2k) | k = 0, . . . , 2n− 2− ı and ı = 1, . . . , n− 1}.
n = 3

5

4
3Ĩ
2

1

0 −1
2 −1 −3

2 −2 −5
2 −3

Z/2

−7
2 −4 −9

2 −5 −11
2 −6

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆
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Our isomorphisms (1)

Assume that Uq(Lg) is of type B
(1)
n (I = {1, . . . , n}).

Let Ĩ := {1, . . . , 2n− 1}. Define J̃
Q,B

(1)
n

by

J̃
Q,B

(1)
n

:={(ı,−ı+ 2− 2k) | k = 0, . . . , 2n− 1− ı and ı = n+ 1, . . . , 2n− 1}

∪ {(n,−n+
3

2
− k) | k = 0, . . . , 2n− 2}

∪ {(ı,−ı+ 1− 2k) | k = 0, . . . , 2n− 2− ı and ı = 1, . . . , n− 1}.

n = 5
⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

Ĩ

1

2

3

4
5
6

7

8

9

0 −1 −2 −3 −4 −5 −6 −7
Z/2

−8 −9 −10 −11 −12 −13 −14
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Our isomorphisms (1)

Assume that Uq(Lg) is of type B
(1)
n (I = {1, . . . , n}).

Let Ĩ := {1, . . . , 2n− 1}. Define J̃
Q,B

(1)
n
.

Consider the map Ĩ → I, ı 7→ ı :=

{
ı if ı ≤ n,

2n− ı if ı > n.
“folding”

Set

B
Q,B

(1)
n

:=

{∏
(i,r)

Y
ui,r

i,r ∈ B

∣∣∣∣∣ ui,r ̸= 0 only if (i, r) = (ı, 2s)

for some (ı, s) ∈ J̃
Q,B

(1)
n

}
,

C
Q,B

(1)
n

:=the full subcategory of C• such that

object : V with [V ] ∈
∑

m∈B
Q,B

(1)
n

Z[L(m)].

Lemma (Oh-Suh, Hernandez-O.)

C
Q,B

(1)
n

is an abelian ⊗-subcategory.
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Our isomorphisms (1)

Assume that Uq(Lg) is of type B
(1)
n (I = {1, . . . , n}).

Let Ĩ := {1, . . . , 2n− 1}.

Consider the map Ĩ → I, ı 7→ ı :=

{
ı if ı ≤ n,

2n− ı if ı > n.
“folding”

Set

B
Q,B

(1)
n

:=

{∏
(i,r)

Y
ui,r

i,r ∈ B

∣∣∣∣∣ ui,r ̸= 0 only if (i, r) = (ı, 2s)

for some (ı, s) ∈ J̃
Q,B

(1)
n

}
.

n = 3
1

2
3I
2

1

0 −1 −2 −3 −4 −5 −6

Z

−7 −8 −9 −10 −11 −12

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆
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Our isomorphisms (2)

Set

Kt(CQ,B
(1)
n
) :=

∑
m∈B

Q,B
(1)
n

Z[t±1/2]Mt(m) =
∑

m∈B
Q,B

(1)
n

Z[t±1/2]Lt(m).

Lemma

Kt(CQ,B
(1)
n
) is a Z[t±1/2]-subalgebra of Kt(C•,B(1)

n
).

⇝ Kt(CQ,B
(1)
n
) is called the quantum Grothendieck ring of C

Q,B
(1)
n
.

J̃
Q,B

(1)
n

= {(ıs, rs) | s = 1, . . . , ℓ(= 2n(2n−1)/2)} with r1 ≥ · · · ≥ rℓ.

⇝ itwQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WA2n−1 .

Theorem (Hernandez-O.)

There exists a Z-algebra isomorphism

ΦB : Av[N
A2n−1

− ]
∼→ Kt(CQ,B

(1)
n
)

given by

v±1/2 7→ t∓1/2 F̃ up(c, itwQ ) 7→Mt(m
tw(c)) ∀c = (cβ)β∈∆+ ∈ Z∆+

≥0 ,

here mtw(c) =
∏ℓ

k=1 Y
csı1 ···sık−1

αık

ık,2rk
. Moreover,

ΦB(G̃up(c, itwQ )) = Lt(m
tw(c)). ∀c ∈ Z∆+

≥0 .
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Our isomorphisms (2)

Set

Kt(CQ,B
(1)
n
) :=

∑
m∈B

Q,B
(1)
n

Z[t±1/2]Mt(m) =
∑

m∈B
Q,B

(1)
n

Z[t±1/2]Lt(m).

Write

J̃
Q,B

(1)
n

= {(ıs, rs) | s = 1, . . . , ℓ(= 2n(2n−1)/2)} with r1 ≥ · · · ≥ rℓ.

⇝ itwQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WA2n−1 .

Remark
The reduced word itwQ is not uniquely determined, but its
“commutation class” is well-defined. This itwQ is always
“non-adapted”.

Theorem (Hernandez-O.)

There exists a Z-algebra isomorphism

ΦB : Av[N
A2n−1

− ]
∼→ Kt(CQ,B

(1)
n
)

given by

v±1/2 7→ t∓1/2 F̃ up(c, itwQ ) 7→Mt(m
tw(c)) ∀c = (cβ)β∈∆+ ∈ Z∆+

≥0 ,

here mtw(c) =
∏ℓ

k=1 Y
csı1 ···sık−1

αık

ık,2rk
. Moreover,

ΦB(G̃up(c, itwQ )) = Lt(m
tw(c)). ∀c ∈ Z∆+

≥0 .
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Our isomorphisms (2)

Set

Kt(CQ,B
(1)
n
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Q,B
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n
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∑

m∈B
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Q,B

(1)
n

= {(ıs, rs) | s = 1, . . . , ℓ(= 2n(2n−1)/2)} with r1 ≥ · · · ≥ rℓ.

⇝ itwQ := (ı1, ı2, . . . , ıℓ) is a reduced word of w0 ∈ WA2n−1 .
In the following example, itwQ = (1, 2, 3, 1, 4, 3, 2, 5, 3, 1, 4, 3, 2, 3, 1)
etc.

n = 3
5

4
3Ĩ
2

1

0 −1
2 −1 −3

2 −2 −5
2 −3

Z/2

−7
2 −4 −9

2 −5 −11
2 −6

⋆

⋆ ⋆

⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆
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Our isomorphisms (2)
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(1)
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)

given by
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≥0 ,
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. Moreover,
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Positivities in C
Q,B

(1)
n

By our theorem, the positivities of the dual canonical bases B̃up can
be transported to those of (q, t)-characters.

Corollary (Positivity of Kazhdan-Lusztig type polynomials)

For m ∈ B
Q,B

(1)
n
, write

Mt(m) =
∑

m′∈B
Q,B

(1)
n

Pm,m′(t)Lt(m
′).

as before. Then Pm,m′(t) ∈ Z≥0[t
−1].

This is the affirmative answer to Conjecture (2) for C
Q,B

(1)
n
.

Corollary (Positivity of structure constants)

For m1,m2 ∈ BQ,B
(1)
n
, write

Lt(m1)Lt(m2) =
∑

m∈B
Q,B

(1)
n

cmm1,m2
(t)Lt(m).

Then we have cmm1,m2
(t) ∈ Z≥0[t

±1/2].
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Comparison with Kashiwara-Oh

The following remarkable theorem is recently proved by means of the
celebrated generalized quantum affine Schur-Weyl dualities, which is
developed by Kang, Kashiwara, Kim and Oh :

Theorem (Kashiwara-Oh ’17)

The correspondence evv=1(F̃ up(c, itwQ )) 7→ [M(mtw(c))] gives a
Z-algebra isomorphism

[F ] : evv=1(Av[N
A2n−1

− ])
∼→ K(C

Q,B
(1)
n
),

which maps evv=1(B̃
up) to {[L(m)] | m ∈ B

Q,B
(1)
n
}.

Theorem (Hernandez-O.)

ΦB |v=t=1= [F ].

Corollary

evt=1(Lt(m)) = χq(L(m)), ∀m ∈ B
Q,B

(1)
n
.

This is the affirmative answer to Conjecture (1) for C
Q,B

(1)
n
.
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Comparison with Kashiwara-Oh

Theorem (Hernandez-O.)

ΦB |v=t=1= [F ].

Remark
Our construction of ΦB does not imply Kashiwara-Oh’s theorem
because, a priori,

ΦB|v=t=1 maps evv=1(B̃
up) to {evt=1(Lt(m))|m ∈ B

Q,B
(1)
n
}, but

[F ] maps evv=1(B̃
up) to {[L(m)] | m ∈ B

Q,B
(1)
n
},

(The coincidence of these images is nothing but Hernandez’s
conjecture (1) !) Hence our result and Kashiwara-Oh’s result are
independent.

Corollary

evt=1(Lt(m)) = χq(L(m)), ∀m ∈ B
Q,B

(1)
n
.

This is the affirmative answer to Conjecture (1) for C
Q,B

(1)
n
.
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which maps evv=1(B̃
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evt=1(Lt(m)) = χq(L(m)), ∀m ∈ B
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This is the affirmative answer to Conjecture (1) for C
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Comments on further results and proofs (1)

There are several variants in the choices of the subcategories
CQ,A

(1)
N

and C
Q,B

(1)
n
, and the parallel results hold. (The choice in

this talk is the case that Q and Q are “equioriented”.)

By ΦA and ΦB, we can obtain Z[v±1/2]-algebra isomorphism :

Theorem (Hernandez-O.)

Kt(CQ,A
(1)
2n−1

) ≃ Kt(CQ,B
(1)
n
),
{

(q, t)-characters of
simple modules

}
↔
{

(q, t)-characters of
simple modules

}
.

Moreover, we can calculate the explicit correspondence of simple
modules.

To calculate the correspondence, we have to calculate the pair (c, c′)
such that

G̃up(c, iQ) = G̃up(c′, itwQ )
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Comments on further results and proofs (2)

e.g. A
(1)
5 /B

(1)
3 -correspondence (n = 3) :

LA
t (Y1,0)↔ LB

t (Y1,0), LA
t (Y1,−2)↔ LB

t (Y1,−4),

LA
t (Y1,−4)↔ LB

t (Y3,−11), LA
t (Y1,−6)↔ LB

t (Y3,−5),

LA
t (Y1,−8)↔ LB

t (Y1,−12), LA
t (Y2,−1)↔ LB

t (Y2,−2),

LA
t (Y2,−3)↔ LB

t (Y3,−7), LA
t (Y2,−5)↔ LB

t (Y3,−5Y3,−11),

LA
t (Y2,−7)↔ LB

t (Y3,−9), LA
t (Y3,−2)↔ LB

t (Y3,−3),

LA
t (Y3,−4)↔ LB

t (Y3,−5Y3,−7), LA
t (Y3,−6)↔ LB

t (Y3,−9Y3,−11),

LA
t (Y4,−3)↔ LB

t (Y2,−4), LA
t (Y4,−5)↔ LB

t (Y2,−8),

LA
t (Y5,−4)↔ LB

t (Y1,−6).

It does not preserve dimension and “degree” of highest weight !
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Comments on further results and proofs (3)

Sketch of the proof of the existence of ΦB

0) We have

Kt(CQ,B
(1)
n
)
“truncate”

↪→ the quantum torus of finitely many

variables.
Av[N

A2n−1
− ] ↪→ the quantum torus arising from the “quantum

initial seed” associated with itwQ (⇐ quantum cluster algebra).

1) Prove the isomorphism between ambient tori in Step 0. (Here
we also use the cluster algebraic observation “A−1

i,r ’s are
ŷ-variables”)

2) Prove the coincidence between quantum T -system and quantum
determinantal ientities via the isomorphism 1)
⇝ We can show the correspondence between generators of
Kt(CQ,B

(1)
n
) and Av[N

A2n−1

− ] !

Reference : arXiv:1803.06754
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T -system

For i ∈ I, r ∈ Z, k ∈ Z≥0, set m
(i)
k,r :=

∏k
s=1 Yi,r+2ri(s−1). (m

(i)
1,r = Yi,r)

The quantum T -system of type B [Hernandez-O.]

∃α, β ∈ Z such that the following identity holds in Kt(CQ,B
(1)
n
) :

Lt(m
(i)
k,r)Lt(m

(i)
k,r+2ri

) = tα/2Lt(m
(i)
k+1,r)Lt(m

(i)
k−1,r+2ri

) + tβ/2S
(i)
k,r,t.

Here, S
(i)
k,r,t =


Lt(m

(i−1)
k,r+2)Lt(m

(i+1)
k,r+2) if i ≤ n− 2,

Lt(m
(n−2)
k,r+2)Lt(m

(n)
2k,r+1) if i = n− 1,

Lt(m
(n−1)
s,r+1 )Lt(m

(n−1)
s,r+3 ) if i = n and k = 2s is even,

Lt(m
(n−1)
s+1,r+1)Lt(m

(n−1)
s,r+3 ) if i = n and k = 2s+ 1 is odd.

(Lt(m
(0)
∗,∗) := 1).

Example (B
(1)
3 -case)

Lt(m
(1)
2,r)Lt(m

(1)
2,r+4) = tLt(m

(1)
3,r)Lt(m

(1)
1,r+4) + Lt(m

(2)
2,r+2).

Lt(m
(3)
3,r)Lt(m

(3)
3,r+2) = t1/2Lt(m

(3)
4,r)Lt(m

(3)
2,r+2) + t−1/2Lt(m

(2)
2,r+1)Lt(m

(2)
1,r+3).
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